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On elastic spherical membranes, there is no stress induced by the bending energy and the corre-
sponding Laplace-Young law does not involve the elastic bending stiffness. However, when consider-
ing an axially symmetrical perturbation that pinches the sphere, it induces nontrivial stresses on the
entire membrane. In this paper we introduce a theoretical framework to examine the stress induced
by perturbations of geometry around the sphere. We find the local balance force equations along
the normal direction to the vesicle, and along the unit binormal, tangent to the membrane; likewise,
the global balance force equation on closed loops is also examined. We analyze the distribution of
stresses on the membrane as the budding transition occurs. For closed membranes we obtain the
modified Young-Laplace law that appears as a consequence of this perturbation.
I. INTRODUCTION
Many of the cellular processes such as morphogenesis
or cell division, migration and other physical and bio-
chemical events are determined by changes in the shape
of the cell membrane, which in turn are regulated by me-
chanical stress and surface tension[1–3]. The understand-
ing of these transformations is also useful for the diagno-
sis of diseases since it has been seen that the membrane
conformation changes during an infection[4]. In addition
to biological membranes the study of the forces on syn-
thetic vesicles has applications in industrial encapsula-
tion, drug delivery[5–7], colloids science, in several areas
of physics, further to the computational tools and algo-
rithms that have been developed for the study of this
deformations [8, 9]. Hence the importance of studying
them and seeing vesicle curvature as a main actor in the
resulting conformations[10]. So then, the main physical
forces involved in the deformation processes of the vesi-
cle are tension, pressure and stiffness. However, due to
the difference in measurements in various experiments,
the definition of the effective surface tension of the vesi-
cle has been recently discussed[11], finding modifications
to the well-known Laplace law for the pressure difference
through the membrane[12, 13].
It is well known that on a spherical vesicle with no
spontaneous curvature there is no stress due to the bend-
ing energy. This implies a relationship between the pres-
sure difference P = Pin − Pout, the surface tension σ
and the radius of the membrane R, given by the Young-
Laplace law, 2σ/R = P , which does not involve the bend-
ing stiffness κ of the membrane. This means that in
equilibrium the force (per unit length) is completely tan-
gential to the spherical membrane and has magnitude σ,
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that is balanced with a force of magnitude PR/2 in the
opposite direction. Thus, the pressure difference P is
constant along the membrane. Due to their composition
and properties of the environment to which they are ex-
posed, biological membranes prefer to curve in a certain
specific way which is described through its spontaneous
curvature. This property is essential to understand the
morphology of organelles and other cellular processes[14].
If the spontaneous curvature K0 is nonzero the force re-
mains tangential but now involves a coupling with the
bending stiffness through −(σ + κK20/2) + κK0/R, and
the Young-Laplace law is then given by [15]
PR
2
= Σ− κK0
R
, (1)
where Σ = σ + κK20/2. The spherical vesicle is pre-
cisely the configuration of lowest energy of the Canham-
Helfrich functional[16, 17]
H = σ
∫
dA+
κ
2
∫
dA(K −K0)2 − P
∫
dV, (2)
where dA is the area element, K the mean curvature and
V the volume enclosed by the vesicle. From Eq. (2) we
can interpret both, the pressure jump P and the surface
tension σ as Lagrange multipliers that fix volume and
surface area, respectively. Thus, according to Eq. (1) the
pressure difference is also constant along the membrane if
the spontaneous curvature does. Nevertheless, any small
deformation of the spherical shape induces a non-trivial
stress on the membrane surface, even along the orthog-
onal direction to the membrane. Such deformations can
be expressed in terms of the spherical functions Ylm(θ, φ),
with θ and φ the polar and azimuthal angles respectively,
or in terms of Legendre polynomials Pl(θ) in the simplest
case of axial symmetry[18]. An important deformation of
this kind that frequently appears in biological systems is
the so-called budding transition[19–22], which consists in
the formation of buds from the main membrane that can
be modeled by two spheres connected by narrow necks.
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2In these systems necks were formed, for instance, when
external adhesion[23] exists as it occurs in cellular pro-
cesses such as phagocytosis and endocytosis[24]. Exper-
imentally, the transition can be induced in lipid bilayers
by changing the area-volume relation or through tem-
perature variations[25]. This shape also appears when
translocating a fluid vesicle through a tube or a pore
of smaller radius, or in micropipettes aspiration experi-
ments which are applicable in microfluidics and in drug
release[13, 26–28]. Furthermore, a similar shape also ap-
pears when studying two superposed drops with different
phases[29, 30]. These shapes can be parameterized pre-
cisely in terms of axially symmetric functions P2(θ) as
depicted in Fig. 1: At the beginning of the process, the
spherical vesicle is deformed at the middle, gradually a
waist appears and the vesicle takes the form of a peanut.
Deformation continues until it is segmented and a second
spherical membrane appears.
(a) = 0.2 (b) = 0.6 (c) = 0.8
FIG. 1. Sequence of the budding-like transition f(θ) =
P2(θ), starting form a unit sphere and varying the parameter
 = 0.2, 0.6, 0.8. The waist appears at θ = pi/2.
A different way to describe this transition is by apply-
ing pressure on the neck of the vesicle[31] and a third
one is to join two membranes along a common edge[32–
34]. These are three different ways of approaching the
problem. In this work we will develop the first approach
that has the advantage of allows control over the geom-
etry. Indeed, for negative values of the  parameter the
membrane takes a stomatocyte-like shape that can be
use to model red blood cells for instance, and also can be
obtained experimentally [25]. For larger negative values
of the parameter, the vesicle shape tends to a donut, as
shown in Fig. 2.
It is clear that the distribution of stress along the mem-
brane plays an important role in these shape transitions.
Following the route of the stress tensor[12, 35, 36], in
section II we develop a theoretical framework to obtain
the induced stress by harmonic deformations on spherical
vesicles. A consequence of the deformation of the spher-
ical vesicle is the appearance of a non-trivial force along
the normal direction of the membrane, so that, in order
to preserve equilibrium, the pressure difference must be
modified to balance these forces. As expected, the nor-
mal balance does not involve the surface tension but only
(a) = −0.8 (b) = −0.4
(c) = 0
FIG. 2. Sequence of the donut-like transition f(θ) = P2(θ),
for negative values of the parameter  = 0.2, 0.6, 0.8. The
waist is formed at θ = pi/2.
bending stiffness and variations of mean curvature. As
we shall see, a first integral can be obtained from this
equation. Together, the normal and tangential balance
equations give rise to a generalized local Young-Laplace
equation given by Eq. (15), which is our principal result.
When considering these axial perturbations, the values
l = 0, 1 correspond to Euclidean motions such that en-
ergy remains invariant. The first nontrivial deformation
is therefore P2(θ). In addition, from the second variation
of the functional (2) we know that the energy of these
deformed spheres is larger than those for the spherical
vesicles[26]. From this analysis we also known that when
the pressure jump across the membrane P < −12κ/R3,
the vesicle becomes unstable with respect to the P2-
deformed sphere; although has been shown that adding
adhesion stabilize membrane necks[23]. Hence, after
studying the geometry of the almost spherical vesicle in
section III, we particularize deformations by parametriz-
ing them with axial functions Pl(θ) and calculate the in-
duced stress for the different stages of the budding tran-
sition when l = 2. Due to the axial symmetry the global
force just depends on the polar angle. In the north hemi-
sphere the normal elastic force points outside the vesicle,
the force vanishes at the pole and, as we approach the
waist, it grows very fast and reaches a maximum value,
then it decreases very fast again until it vanishes at the
waist. This behavior is asymmetric with respect to the
equator. If the magnitude of the deformation is small,
the correction of the tangential force goes downwards as
the force due to the surface tension reaches a minimum
value at the waist of the peanut. However, if the magni-
tude of the perturbation is greater than a certain thresh-
old value, a membrane patch appears around the waist of
the peanut where the force points upward and reaches its
maximum value at the waist. This was done at the end
of section III. In section IV, a summary and discussion
of the obtained results is given.
3II. BENDING STRESS TENSOR: LOCAL AND
GLOBAL BALANCE
A parametrized surface embedded in R3 with cartesian
coordinates x = (x1, x2, x3), can be specified through the
functions x = X(ξa), where ξa (a = 1, 2), are local coor-
dinates on the surface. The infinitesimal 3D euclidean
distance ds2 = dx · dx induces the corresponding ar-
clength distance on the surface ds2 = gabdξ
adξb, where
gab = ea · eb is the induced metric and ea = ∂aX are
the two local tangent vector fields. Correspondingly, the
induced metric defines a covariant derivative on the sur-
face denoted by ∇a. The unit normal to the surface
n = (ε¯ab/2)ea × eb, where the symbol ε¯ab = ab/√g and
ab is the Levi-Civita alternating tensor and g = det (gab).
The Gauss equation, ∇aeb = −Kabn, describes the
change of the tangent vector fields along the surface. The
extrinsic curvature components Kab = −∇aeb ·n, and the
gaussian curvature RG are related through the Gauss-
Codazzi equation, KcaKcb = KKcb− gabRG, and its con-
traction KabKab = K
2 − 2RG. The Codazzi-Mainardi
equation ∇aKab = ∇bK will be also useful within the
surface geometry analysis[37].
Let us consider deformations of the energy functional
Eq. (2) under infinitesimal deformations X → X + δX
such that
δH =
∫
dA E δX · n+
∫
dA∇aQa, (3)
where E is the Euler-Lagrange derivative and Qa the
Noether charge. Under an infinitesimal translation δX =
a we can write
δH = a ·
∫
dA (E n−∇afa), (4)
and therefore, as a consequence of the invariance under
translations
∇afa = En, (5)
where the bending stress tensor can be written as
fa = fabeb + f
an, (6)
and the projections are given by
fab = κ(K −K0)
[
Kab − 1
2
(K −K0)gab
]
− gabσ,
fa = −κ∇aK. (7)
For closed membranes the pressure jump P can be ob-
tained as
∇afa = P n, (8)
that after integration we have∮
C
fala = P
∫
M
dAn, (9)
where C is the boundary of the patch M. On the left
hand side of Eq. (9) we have the elastic force on the
loop, whereas the right hand side gives the force coming
from the pressure difference P . Eq. (9) gives a global
balance force equation along the vesicle.
Nevertheless we can find the local balance equations,
for instance since the unit normal can be written as a
surface divergence then we have[38]
n =
1
2
∇aNa, (10)
where Na = ε¯abX × eb, a local force balance equation
can be written as
fala = N
ala,
=
P
2
X×T. (11)
The left hand side of Eq. (11) is the elastic force acting
on the loop C, with tangent T and binormal l in the
Darboux frame. The right hand side corresponds to the
force due to the difference in pressure P . By writing
X × T = Xln − Xnl, and fala = FTT + Fll + Fnn, we
have that
Fn =
P
2
Xl,
Fl = −P
2
Xn. (12)
where Xl = X · l and Xn = X · n, and the projections of
the force per unit length are given by
Fn = −κ∇lK, (13)
Fl = −Σ + κ
2
(
K2T −K2l + 2K0Kl
)
. (14)
Where we have introduced the following notation Kl =
Kabl
alb, KT = KabT
aT b, Kτ = Kabl
aT b and ∇lK =
la∇aK. The first equation in (12) describes the local
force balance along the normal direction to the surface,
on the sphere Xl = Rn · (T × n) = 0. The sec-
ond equation in (12) instead describes the balance force
along the binormal direction, for instance on the sphere
Fl = −(σ + κK20/2) + κK0/R and Xn = Rn · n = R,
where R is the radius of the sphere, and thus it reduces to
the classical Young-Laplace equation[39]. Since in both
equations (12) the pressure jump appears, we add them
to obtain the following relation
Σ− κ
2
(
K2T −K2l + 2K0Kl
)− κ∇lK = P
2
(Xn +Xl) ,
(15)
where Σ was defined on Eq. (1). It is interesting that, as
far as we know, Eq. (15) had not been reported before,
it comes from the local force balance Eqs. (12) and it is
the first main result of this paper.
III. QUASI-SPHERICAL VESICLES
In order to obtain the Monge gauge around a sphere of
radius R, let us parametrize an almost spherical surface
4as follows
X(θ, φ) = (r sin θ cosφ, r sin θ sinφ, r cos θ), (16)
where r(θ, φ) = R [1 + f(θ, φ)] and  . 1 is the deforma-
tion parameter. Without loss of generality let us study
the case f = f(θ), that corresponds to perturbations
with cylindrical symmetry. We write the tangent vector
fields to the surface and the unit normal as
eθ = rθ + r
′r,
eφ = r sin θφ,
n =
1√
r2 + r′2
(r r− r′θ), (17)
where ′ denotes derivative respecto to θ and the unit basis
is the following as usual
r = (sin θ cosφ, sin θ sinφ, cos θ)
θ = (cos θ cosφ, cos θ sinφ,− sin θ)
φ = (− sinφ, cosφ, 0). (18)
Thus, the components of the induced metric can be writ-
ten as
gabdξ
adξb = (r2 + r′2)dθ2 + r2 sin2 θdφ2. (19)
The determinant of the induced metric is therefore
g = (r2 + r′2)r2 sin2 θ, (20)
so that the area element dA =
√
r2 + r′2 r sin θ dθ dφ.
The extrinsic curvature components are given by
Kθθ =
√
r2 + r′2 − r∂θ
(
r′√
r2 + r′2
)
+r′∂θ
(
r√
r2 + r′2
)
,
Kφφ =
1√
r2 + r′2
(
r2 sin2 θ − rr′ sin θ cos θ) ,
Kθφ = 0, (21)
while the mean curvature can also be obtained as
K =
Kθθ
r2 + r′2
+
Kφφ
r2 sin2 θ
,
=
2√
r2 + r′2
− r
r2 + r′2
∂θ
(
r′√
r2 + r′2
)
+
r′
r2 + r′2
∂θ
(
r√
r2 + r′2
)
− r
′ cot θ
r
√
r2 + r′2
. (22)
The gaussian curvature can be obtained in several dif-
ferent ways. By using derivatives of the unit normal we
have that
RG = gθθgφφn · (∂θn× ∂φn)
=
r2
(r2 + r′2)2
− r
(r2 + r′2)3/2
∂θ
(
r′√
r2 + r′2
)
×
(
1− r
′ cot θ
r
)
. (23)
As shown in the appendix, the corresponding expressions
with f(θ, φ) can also be obtained straightforwardly. As
for the flat case, only expansions up to order  wil be
considered in these formulas.
(a) (b)
FIG. 3. The Darboux frame adapted to the curve C onto a
deformed sphere: a) C as a parallel, b) C as a meridian. The
unit tangent T, the unit normal n, and the binormal vector
l = T× n.
A. Local balance
Taking advantage of the axial symmetry of the prob-
lem, let us select the curve C as a parallel such that
θ = θ0, see for instance Fig. 3a. The unit normal to
C, tangent to the surface is given by
l =
1√
r2 + r′2
(rθ + r′r), (24)
and thus we see that lθ =
√
r2 + r′2 and lφ = 0 so that
along this loop we have
Kl = Kabl
alb,
=
Kθθ
r2 + r′2
,
=
1√
r2 + r′2
(
1 +
r′2 + rr′′
r2 + r′2
)
. (25)
Notice that Kl is the normal curvature of a meridian on
the deformed sphere, see Fig. 3(a). We can see that
T = φ and therefore we have Tθ = 0 and Tφ = r sin θ so
that
KT =
Kφφ
r2 sin2 θ
,
=
1√
r2 + r′2
(
1− r
′ cot θ
r
)
, (26)
its the normal curvature of C itself. We also see that
the gaussian torsion of C vanishes, i.e. Kτ = 0, as a
consequence of the axial symmetry. Projections of the
force can then be obtained in the following way
FT = 0,
Fn = − κK
′
√
r2 + r′2
, (27)
5According to Eq. (14), where Fl was given, if the sponta-
neous curvature is zero, the term corresponding to bend-
ing force in Fl points downward, i. e. in the opposite di-
rection to the surface tension component, at points where
the normal curvature of the loop C is greater than the
normal curvature of the meridian i. e., K2l < K
2
T . Such
component points upwards when K2T < K
2
l . Further-
more, this component of the force vanishes at umbilical
points θ = θc where K
2
l = K
2
T . Clearly, on the unper-
turbed sphere, the bending force vanishes identically.
In the case when spontaneous curvature is non-zero, it
contributes nontrivially to this force. For example, in the
budding transition shown in Fig. 1, the normal force Fn
has been plotted in Fig.4. At the pole the force is zero,
then increases to a maximum that is reached at a value
close to θ = pi/2, then the force decreases until vanishes
at the waist of the peanut shape.
FIG. 4. Normal projection of the force Fn/κ for some values
of deformation parameter. For  = 0 (dashed horizontal line),
 = 0.2 (continuos line),  = 0.3 (dot-dashed line),  = 0.5
(dashed line). If  is positive force goes outward along the
unit normal of the peanut shape.
The tangential force is shown in Fig. 5 for the case
K0 = 1. To first order in the parameter , this force
points downward along the binormal direction l, see Fig.
3a, reaching its lowest value at the waist. For larger
values of , a region appears where the force becomes
negative and points upward, reaching its highest value at
the waist.
Let us make a more detailed analysis of the balance
equations up to first order. For parameterization (16)
we have that XT = X · T = 0, Xn = r2/
√
r2 + r′2 and
Xl = rr
′/
√
r2 + r′2, and therefore the local balance given
in Eqs. (12) turns respectively into
−κ (K
′
T +K
′
l)√
r2 + r′2
=
P
2
rr′√
r2 + r′2
, (28)
Σ− κ
2
(
K2T −K2l + 2K0Kl
)
=
P
2
r2√
r2 + r′2
(29)
We realize that the normal balance Eq. (28) does not
involve the surface tension σ but only the rigidity κ and
FIG. 5. Binormal projection of the force Fl/κ for some val-
ues of deformation parameter. For  = 0 (dashed horizon-
tal line),  = 0.2 (continuos line),  = 0.3 (dot-dashed line),
 = 0.5(dashed line). If  positive the force goes downward
along the binormal. Note that in this last configuration there
is a neighborhood around θ = pi/2 where the force goes up-
ward.
then it can be rewritten as
− κK ′ = P
4
(
r2
)′
, (30)
which implies that −κK = P4 r2 +C, where C a constant
that can be determined by taking the unperturbed sphere
r = R, such that K = 2/R and
C = −
(
2κ
R
+
PR2
4
)
. (31)
This implies that the mean curvature of the deformed
sphere can be expressed as modifications, due to the pres-
sure and of the bending stiffness, of the spherical case as
follows
K =
2
R
+
PR2
4κ
(
1− r
2
R2
)
. (32)
In the region where r2/R2 < 1 i.e., at points where the
deformation function f < 0, the mean curvature becomes
greater that the spherical case K ∼ 2/R + PR2/(4κ).
In the same way when r2/R2 > 1, (f > 0) then, the
curvature is smaller through K ∼ 2/R − Pr2/(4κ). At
points where f = 0 we regain the spherical case locally
K = 2/R. It is worth mentioning some specific data,
for lipid membranes the bending constant typically[13]
is κ ∼ 80 × 10−21J , whereas R ∼ 10−6m. For these
kind of vesicles the correction term PR3/(8κ) will be
50% relevant if P ∼ 3Pa.
The mean curvature Eq. (32) can also give rise to the
following expression
2
R
+
PR2
4κ
(
1− r
2
R2
)
=
1√
r2 + r′2
(
2+
r′2 + rr′′
r2 + r′2
−r
′
r
cot θ
)
.
(33)
6In a general setting, the Lagrange multiplier P must be
substituted into Eq. (29) and then solve for the variable
r, what will determine the multiplier σ, i.e. solve the
shape equation. Instead of that, we propose solutions in
terms of the Legendre polynomials Pl(θ), that satisfies
the Legendre equation with azimuthal symmetry, f ′′ +
cot θf ′ + l(l + 1)f = 0. So, up to first order Eq. (33)
turns into
f ′′ − cot θf ′ − βf = 0, (34)
where β = PR3/(2κ)+2. The mode Pl(x) with x = cos θ,
becomes compatible with the normal force balance (34),
if the relation 3xP˙l(x) = [l(l + 1) + β]Pl(x) is fulfilled.
That is if β sin2 θ = l(l−2) cos2 θ− l(l+1). It determines
the pressure difference P up to first order. Take for in-
stance the first non-trivial deformation l = 2, see Fig. 6,
for which the pressure difference P is found to be
P = − 4κ
R3
(
1 + 3 csc2 θ
)
. (35)
The lowest value of P is reached at the waist of the vesicle
θ = pi/2. Beyond this point the pressure increases and
becomes very large near the poles. Once the pressure
jump P , the multiplier that fixes the volume inside the
vesicle, has been determined, the value of σ will be fixed
by the balance equation along the binormal, Eq. (29).
The relation with the surface tension σ is given by
balance equation along the binormal Eq. (29), so up to
first order Eq. (15) can be written as
Σ− κK0
R
+ F = PR
2
[1 + (f + f ′)], (36)
where we introduced the correction function
F = κ
R2
[
cot θf ′ − f ′′ +RK0(f + f ′′)
+(1− cot2 θ)f ′ + cot θf ′′ + f ′′′
]
, (37)
that can in turn be rewritten, with use of Legendre equa-
tion, as
F = κ
R2
[(2−RK0) cot θ + 2− l(l + 1)]f ′
+
κ
R2
[(1−RK0)l(l + 1)−RK0]f. (38)
Therefore, up to first order in the deformation parameter
, we can write the local Young-Laplace law as follows
PR
2
=
(
Σ− κK0
R
)
[1− (f + f ′)] + F. (39)
The case with f = 0 reproduces exactly Eq. (1), where
the pressure difference is a constant.
Is worth noting that Eq.(39) is valid for any pertur-
bation f = Pl(θ), where l = 2, 3, . . . As far as we know,
this is the first time that this equation is obtained. Take
for instance the case where f = P2(θ). The correction
function associated to the bending F(θ)/κ, have been
FIG. 6. Deformed spheres with Pl(θ) for modes l = 2, 3, 4, 5
respectively.
plotted in Fig. 7. Dashed line corresponds to the case
when spontaneous curvature K0 = 1, and the continuos
line to K0 = 0. Although their shape is very similar with
positive values and a maximum in the northern hemi-
sphere, observe that whereas the correction vanishes at
the poles if K0 = 0, there is a negative correction there
and vanishes at the waist if K0 = 1.
FIG. 7. Correction function F/κ Eq. (38) for a unit deformed
sphere with P2(θ). Continuos line corresponds to K0 = 0, the
dashed line is for K0 = 1.
B. Global forces
A complementary global analysis can be done starting
with the left hand side of Eq. (9) that is the total force
on a closed horizontal loop C- The integral is made from
an initial angle θ0
F(θ0) =
∮
C
ds fala,
=
2pir sin θ0√
r2 + r′2
[
Fn(r cos θ0 − r′ sin θ0)
+Fl(r
′ cos θ0 − r sin θ0)
]
k. (40)
That can be rewritten as
F(θ0) = [F1(θ0) + F2(θ0)]k, (41)
7where we have defined the functions
F1(θ0) =
(
2pir sin θ0√
r2 + r′2
)
(r sin θ0 − r′ cos θ0)
(
σ +
κK20
2
)
,
F2(θ0) =
2piκ r sin θ0√
r2 + r′2
[ K ′√
r2 + r′2
(r′ sin θ0 − r cos θ0)
+
1
2
(
K2T −K2l + 2K0Kl
)
(r′ cos θ0 − r sin θ0)
]
. (42)
On the sphere and with zero spontaneous curvature
r = R, and thus the force comes just from the sur-
face tension i.e., F1(θ0) = 2piσR sin
2 θ0 and F2(θ0) = 0.
In equilibrium this force must be balanced with the
Laplace pressure given by 2pir2 sin2 θ0P/2 in such a way
that Young-Laplace law emerges. On the sphere with
non-zero spontaneous curvature, we have that F1(θ0) =
2piR sin2 θ0(σ + κK
2
0/2) and F2(θ0) = −2piκK0 sin2 θ0,
such that
F(θ0) = 2piR sin
2 θ0
[
σ +
κK0
2
(
K0 − 2
R
)]
k. (43)
In this case the spontaneous curvature determines the
behavior of the force. If K0 > 2/R the correction to
Laplace force becomes positive and points upward. If
0 < K0 < 2/R the correction force points downward.
For K0 < 0 the correction becomes positive. When this
force is balanced with the Laplace pressure Eq. (1) is
recovered. Therefore due to axial symmetry, both lo-
cal and global balance equations give rise to the same
Laplace-Young relation.
Figure 8 shows the component of the force that only
depends on bending and spontaneous curvature in the
case of f = P2(θ) and K0 = 0 for some values of . If the
fluctuation is small the force is also small, it is negative
and reaches a local maximum at the waist. However, if
the fluctuation is greater than a certain threshold value, a
region around the waist appears where this force becomes
positive with large magnitude at the waist.
Figure 9 depicts the case K0 = 1 for some values of
. Although the behavior of the force F2 is similar to
the case with K0 = 0, spontaneous curvature induces a
deformation to the sphere, so the force for  = 0 is non-
zero and changes a bit with the angle. In addition and
precisely for this reason, the force at the waist for large
values of  is larger than in the previous case.
To study the total force on a horizontal loop we expand
the expressions for  small enough, up to first order we
have
F1(θ0) = 2piR
[
(1+f) sin2 θ0− 
2
f ′ sin 2θ0
](
σ +
κK20
2
)
.
(44)
When evaluated at the waist the force F1 is given by
F1(pi/2) = 2piR
(
1− Pl(pi/2)
2
)(
σ +
κK20
2
)
. (45)
FIG. 8. Force component F2/(2piκ) for a unit axially de-
formed sphere P2(θ) for K0 = 0, for some values of . For
 = 0 (horizontal dashed line),  = 0.2 (continuos line),  = 0.3
(dotdashed),  = 0.7 (dashed). For large values of deforma-
tion parameter there is a important behavior at the waist.
FIG. 9. Force component F2/(2piκ) for a unit axially de-
formed sphere P2(θ) with non vanishing spontaneous curva-
ture K0 = 1, for different values of . For  = 0 (horizontal
dashed line),  = 0.2 (continuos line),  = 0.3 (dotdashed),
 = 0.7 (dashed). Although the behavior is similar to the pre-
vious case, the effect of spontaneous curvature is to decrease
F2 for small values of  and increase the effect at the waist
for large values of the deformation parameter.
On the other hand for F2 we obtain
F2(θ0)
2piκ sin θ0
=
1
R
(f ′′′ + f ′′ cot θ − cos 2θ csc2 θf ′) cos θ0
[K0f
′ cos θ0 −K0 sin θ0 +K0f ′′ sin θ0
− 1
R
(f ′′ − cot θ0f ′) sin θ0]
=
[( 1
R
−K0
)
l(l + 1) sin θ f
+(4− l(l + 1))cos θ
R
f ′
]
−K0 sin θ0, (46)
8that can then be written as follows
F2(θ0) = −2piκK0 sin2 θ0
+2piκ
[( 1
R
−K0
)
l(l + 1) sin2 θ f
+(4− l(l + 1))sin 2θ
2R
f ′
]
. (47)
When θ0 = pi/2 we obtain the force F2 on the waist,
F2 (pi/2) = −2piκK0 + 2piκ
(
1
R
−K0
)
l(l + 1)Pl(pi/2).
(48)
Amusingly, the second term in previous expression van-
ishes if l is odd since Pl(pi/2) = 0. Then, for asymmetric
deformed spheres as those shown in Fig. 6, there is no
such contribution to the net force.
IV. SUMMARY AND DISCUSSION
In this work we have introduced a theoretical frame-
work to analyze the stress induced by small deformations
in spherical membranes. The analysis we have made is
based on the geometric formalism of the stress tensor
and for this we have taken explicitly axially symmetric
deformations parametrized by Legendre’s harmonic func-
tions Pl(cos θ), with only dependence on the polar angle
θ. With this we have two main results; in the first we
found conditions of local equilibrium for closed vesicles.
For small deformations, we find that the pressure dif-
ference along the membrane is no longer constant (to
which is reduced for spherical membranes), but a correc-
tion term appears that depends on the polar angle and
the l-mode of the fluctuation. This can be called a local
Young-Laplace equation. In particular, figure 7 shows
the correction term for the first non-trivial mode l = 2,
which describes a kind of budding transition.
As a second relevant result, we have calculated the to-
tal force on horizontal loops of the vesicle including the
force due to the pressure difference P . Clearly, this force
also depends on the l-mode of the fluctuation and the
polar angle in addition to the bending stiffness. The
equilibrium condition gives us the corresponding global
Young-Laplace law as a result.
Internal molecular orientations of the membrane give
rise to textures with topological defects[40]. Indeed, if the
membrane has a spherical shape the topological charge
must be 2. These defects and the texture itself induce
stresses that must also be taken into account in a more
complete analysis of closed surfaces. That subject is in
progress and will be discussed later elsewhere.
The order of a nematic liquid crystal on curved surfaces
is undetermined when topological defects are present, so
that there is a geometric coupling between the nematic
director and the shape of the surface. In addition to this,
when we are in the presence of active matter that has the
capacity to generate forces, the defects can be modified
on the surface and indeed can move. Certainly, the geo-
metric properties help to control the collective behavior
of the active matter[41–43]. Therefore, the study of lipid
membranes is currently of fundamental interest.
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Appendix A: Extrinsic curvature
The unit normal n can be obtained from its defi-
nition eθ × eφ = ¯θφn, where the Levi-Civita tensor
¯θφ =
√
g θφ =
√
g. Therefore,
eθ × eφ = (rθ + r′r)× (r sin θφ),
= r2 sin θ r− rr′ sin θ θ, (A1)
so that ||eθ×eφ|| = r sin θ
√
r2 + r′2, as was written above
in the main text. However, we can also see that the
normal vector could be expressed as a surface divergence.
Let us define Na = ¯abX× eb, such that
∇aNa = εabea × eb = 2n. (A2)
Therefore, when we integrate it we have∫
dAn =
1
2
∫
dA∇aNa,
=
1
2
∮
dsNala,
=
1
2
∮
ds ¯ablaX× eb,
=
1
2
∮
dsX×T. (A3)
Components of extrinsic curvature are defined as
Kab = ea · ∂bn, where derivatives of the unit normal are
∂θn =
[
∂θ
(
r√
r2 + f ′2
)
+
f ′√
r2 + f ′2
]
r
+
[
r√
r2 + f ′2
− ∂θ
(
f ′√
r2 + f ′2
)]
θ, (A4)
∂φn =
r sin θ − f ′ cos θ√
r2 + f ′2
φ. (A5)
The calculation of the dot product with the tangent vec-
tors gives the result in the text. We can alternatively
made use of
Kab = (ea × ec) · (∂bn× ec). (A6)
In the same way we can write the gaussian curvature in
terms of derivatives of the unit normal as
2RG = (ea × eb) · (∂an× ∂bn),
= εabn · (∂an× ∂bn),
= 2
√
g n · (∂θn× ∂φn). (A7)
9Appendix B: Normal integration
Let us obtain the integral that appears in the Young-
Laplace law
I =
∫
dAn, (B1)
where n is the unit normal to the vesicle. After substi-
tuting its value we have
I =
∫
dA
1√
r2 + r′2
(r r− r′θ),
= 2pi
∫ θ0
0
dθ r sin θ (r cos θ + r′ sin θ),
= 2pi
∫ θ0
0
dθr2 sin θ cos θ + 2pi
∫ θ0
0
dθrr′ sin2 θ.(B2)
Let us call I1 and I2 the first and second integrals in (B2)
respectively. Thus, up to first order we have
I1 = R
2
∫ θ0
0
dθ[1 + f(θ)]2 sin θ cos θ,
' R2
∫ θ0
0
dθ[1 + 2f(θ)] sin θ cos θ,
=
R2 sin2 θ0
2
+ 2R2
∫ θ0
0
dθf(θ) sin θ cos θ. (B3)
I2 = R
2
∫ θ0
0
dθ[1 + f(θ)]f ′(θ) sin2 θ,
∼ R2
∫ θ0
0
dθf ′(θ) sin2 θ. (B4)
If we substitute x = cos θ and write the deformation as
a Legendre polynomial f(θ) = Pl(θ), then
P ′l = − sin θP˙l. (B5)
The integral becomes∫ θ0
0
dθf(θ) sin θ cos θ = −
∫ x0
1
dxxPl(x),
=
∫ 1
x0
dxP1(x)Pl(x) =
(1− x2)[Pl(x)− xP˙l(x)]
2− l(l + 1) ,
=
sin2 θ0[Pl(θ) + cot θ0P
′
l (θ)]
2− l(l + 1) , (B6)
where the identity of Legendre functions∫ 1
x
dxPm(x)Pn(x) =
(1− x2)[Pn(x)P˙m(x)− Pm(x)P˙n(x)]
m(m+ 1)− n(n+ 1) ,
(B7)
has been used.
In the same way, we can write∫ θ0
0
dθf ′(θ) sin2 θ =
∫ x0
1
dx(1− x2)P˙l(x).
= l
∫ x0
1
dxPl−1(x)− l
∫ x0
1
dxxPl(x)
= −l 1− x
2
0
l(l − 1) P˙l−1(x0) + ...
=
l sin θ
l(l − 1)P
′
l−1(θ) + l
sin2 θ0[Pl(θ) + cot θ0P
′
l (θ)]
2− l(l + 1) ,(B8)
in the second line we used the identity
(1− x2)P˙l(x) = lPl−1(x)− l xPl(x). (B9)
Module 2pi and up to first order the integral I turns into
I =
R2 sin2 θ0
2
+ R2(2 + l)
[
sin2 θ0[Pl(θ) + cot θ0P
′
l (θ)]
2− l(l + 1)
]
+R2
[ sin θ
(l − 1)P
′
l−1(θ)
]
. (B10)
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